RC-positivity and rigidity of harmonic maps into Riemannian manifolds by Wang, Jun & Yang, Xiaokui
ar
X
iv
:1
80
9.
04
44
9v
1 
 [m
ath
.D
G]
  1
2 S
ep
 20
18
RC-positivity and rigidity of harmonic maps into Riemannian
manifolds
Jun Wang and Xiaokui Yang
Dedicated to Professor Lo Yang on the occasion of his 80th birthday
Abstract. In this paper, we show that every harmonic map from a compact
Ka¨hler manifold with uniformly RC-positive curvature to a Riemannian man-
ifold with non-positive complex sectional curvature is constant. In particular,
there is no non-constant harmonic map from a compact Ka¨hler manifold with
positive holomorphic sectional curvature to a Riemannian manifold with non-
positive complex sectional curvature.
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1. Introduction
The classical result of Eells-Sampson [ES64] asserts that harmonic maps from com-
pact Riemannian manifolds with positive Ricci curvature to Riemannian manifolds
with non-positive sectional curvature must be constant. By using Schwarz calcula-
tion and maximum principle, S.-T. Yau established in [Yau78] that holomorphic maps
from compact Ka¨hler manifolds with positive Ricci curvature to Hermitian manifolds
with non-positive holomorphic bisectional curvature must be constant. Recently, the
second author extended Yau’s result and obtained in [Yang18a] that holomorphic
maps from compact Hermitian manifolds with positive holomorphic sectional cur-
vature to Hermitian manifolds with non-positive holomorphic bisectional curvature
must be constant, and one of the key ingredients in the proof is a notion called
“RC-positivity” introduced in [Yang18]. Moreover, Y.-T. Siu achieved in [Siu80] the
complex analyticity of harmonic maps into compact Ka¨hler manifolds with strongly
negative curvature. Later, Jost-Yau explored in [JY91, JY93] rigidity theorems for
various harmonic maps from Hermitian manifolds into Riemannian manifolds with
This work was partially supported by China’s Recruitment Program of Global Experts.
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non-positive complex sectional curvature (see also [Sam85, Sam86]). There are many
generalizations along this line, and we refer to [EL78, Siu82, EL83, Ohn87, EL88,
Uda88, OU90, YZ91, MSY93, Uda94, Ni99, Tos07, Zhang12, YHD13, Dong13, LY14,
YZ18, Yang18a, Yang18b, Ni18] and the references therein.
In this paper, we aim to extend the above rigidity results to harmonic maps (and
pluri-harmonic maps) from compact complex manifolds to Riemannian manifolds by
using RC-positivity and ideas in [ES64, Yau78, Siu80, Sam85, Sam86, JY91, JY93,
LY14, Yang18, Yang18a, Yang18b]. More precisely, we consider harmonic maps
(resp. pluri-harmonic maps) from a compact complex manifold M with uniformly
RC-positive curvature to a Riemannian manifold N with non-positive complex sec-
tional curvature. Let’s recall these curvature notions. In [Yang18b], the second author
introduced the following definition.
Definition 1.1. A Hermitian holomorphic vector bundle (E , h) over a complex man-
ifold M is called uniformly RC-positive if at every point q ∈ M , there exists some
vector u ∈ T 1,0q M such that for any nonzero vector v ∈ Eq, one has
(1.1) RE (u, u, v, v) > 0.
There are many complex manifolds which have uniformly RC-positive tangent bundles
(i.e., the tangent bundle admits a Hermitian metric such that its Chern curvature is
uniformly RC-positive). For instances,
(1) Ka¨hler manifolds with positive holomorphic sectional curvature ([Yang18b,
Theorem 5.1]);
(2) Hopf manifolds S1 × S2n+1 with standard metrics ([LY14, formula (6.4)]);
(3) products of complex manifolds with uniformly RC-positive tangent bundles.
For more details, we refer to [Yang18, Yang18a, Yang18b] and the references therein.
As analogous to Siu’s strong negativity [Siu80], Sampson proposed in [Sam85] the
following definition (see also [JY91, Definition 4.2]):
Definition 1.2. Let (N, g) be a Riemannian manifold. The (complexified) curvature
tensor R of (N, g) is said to have non-positive complex sectional curvature if
(1.2) R(Z,W,W,Z) ≤ 0
for any Z,W ∈ TCN .
If (N, g) has non-positive complex sectional curvature, then it has non-positive Rie-
mannian sectional curvature. Moreover, a Ka¨hler manifold (N, g) has strongly non-
positive curvature in the sense of Siu if and only if its background Riemannian metric
has non-positive complex sectional curvature (e.g. [LSYY17, Theorem 4.4]). Hence,
compact quotients of bounded symmetric domains of type Imn(mn ≥ 2), IIn(n ≥ 3),
IIIn(n ≥ 2), and IVn(n ≥ 3) all have non-positive complex sectional curvature.
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The first main result of this paper is the following.
Theorem 1.3. Let (M,h) be a compact Ka¨hler manifold with uniformly RC-positive
curvature and (N, g) be a Riemannian manifold with non-positive complex sectional
curvature. Then there is no non-constant harmonic map from (M,h) to (N, g).
By Theorem 1.3 and [Yang18b, Theorem 5.1], we obtain
Corollary 1.4. There is no non-constant harmonic map from a compact Ka¨hler
manifold with positive holomorphic sectional curvature to a Riemannian manifold
with non-positive complex sectional curvature.
Remark 1.5. We proved in [Yang18b, Corollary 1.3] that for a compact Ka¨hler
manifold M , if it admits a Hermitian metric with uniformly RC-positive curvature,
then M is projective and rationally connected. By using algebraic geometry, we can
prove a more general result that: every harmonic map from a rationally connected
manifold to a Riemannian manifold with non-positive complex sectional curvature is
constant. It is well-known that Fano manifolds are all rationally connected ([Cam92,
KMM92]). Hence, Theorem 1.3 and Corollary 1.4 are generalizations of the following
well-known result: every harmonic map from a Fano manifold (i.e. a compact Ka¨hler
manifold with positive Ricci curvature [Yau78a]) to a Riemannian manifold with non-
positive (complex) sectional curvature is constant.
In the following, we give the proof of Theorem 1.3 in a more general setting. Let
f : (M,h) → (N, g) be a smooth map from a compact Hermitian manifold (M,h) to
a Riemannian manifold (N, g). Jost and Yau proposed in [JY93, (H2)] the following
concept: f is called a Hermitian harmonic map if it satisfies
(1.3) hαβ
(
∂2f i
∂zα∂zβ
+ Γijk
∂f j
∂zβ
∂fk
∂zα
)
⊗ ei = 0.
It is easy to see that whenM is Ka¨hler, Hermitian harmonic maps are usual harmonic
maps. On the other hand, Jost-Yau proved in [JY93] that there always exist Hermit-
ian harmonic maps into Riemannian manifolds with non-positive sectional curvature,
which generalizes the classical result of Eells-Sampson [ES64]. Moreover, f is called
pluri-harmonic if
(1.4)
(
∂2f i
∂zα∂zβ
+ Γijk
∂f j
∂zβ
∂fk
∂zα
)
dzα ∧ dzβ ⊗ ei = 0.
Pluri-harmonic maps are generalizations of holomorphic maps. Indeed, a holomorphic
map from a complex manifold M to a Ka¨hler manifold (N, g) is pluri-harmonic. The
second main result is on rigidity of pluri-harmonic maps, which is analogous to rigidity
of holomorphic maps obtained in [Yang18a, Yang18b].
Theorem 1.6. Let f :M → (N, g) be a pluri-harmonic map from a compact complex
manifold M to a Riemannian manifold (N, g) with non-positive complex sectional
curvature. If T 1,0M is uniformly RC-positive, then f is a constant map.
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The key ingredient in the proof of Theorem 1.6 is the following Chern-Lu type identity
for pluri-harmonic maps.
Proposition 1.7. Let f : (M,h)→ (N, g) be a pluri-harmonic map from a Hermitian
manifold (M,h) to a Riemannian manifold (N, g). Then we have the identity
∂∂u = 〈∂F∂f, ∂F∂f〉+
(
RM
αβγδ
hγνhµδgijf
i
µf
j
ν −RNiℓkjf iαf jβ
(
hγδfkγ f
ℓ
δ
))
dzα ∧ dzβ,
where u = |∂f |2, RM
αβγδ
is the curvature of the Chern connection on T 1,0M and ∂F
is the induced (1, 0) connection on the vector bundle F = T ∗1,0M ⊗ f∗TN .
By using Theorem 1.6 and ideas in [Siu80, Sam85, Sam86, YZ91, JY91, JY93, LY14],
we obtain the following result. Note that, Theorem 1.3 is a special case of it.
Theorem 1.8. Let (M,h) be a compact astheno-Ka¨hler manifold (i.e. ∂∂ωm−2h = 0)
and (N, g) be a Riemannian manifold with non-positive complex sectional curvature.
Let f : (M,h) → (N, g) be a Hermitian harmonic map. If M admits a Hermitian
metric h0 with uniformly RC-positive curvature, then f is a constant map.
There are many astheno-Ka¨hler manifolds which are non-Ka¨hler. For instances, non-
Ka¨hler complex surfaces and Calabi-Eckmann manifolds S2p+1 × S2q+1 ([Mat09]).
As motivated by Theorem 1.3, we propose:
Question 1.9. Does there exist a non-constant Hermitian harmonic map (resp. har-
monic map) from a compact Hermitian manifold with (uniformly) RC-positive cur-
vature to a Riemannian manifold with non-positive (complex) sectional curvature?
As a special case of Theorem 1.8, one gets
Corollary 1.10. Let M be a compact complex surface and (N, g) be a Riemannian
manifold with non-positive complex sectional curvature. Let f : (M,h) → (N, g)
be a Hermitian harmonic map. If M admits a Hermitian metric h0 with uniformly
RC-positive curvature, then f is a constant map.
As we pointed out before, the standard Hopf surface S1 × S3 admits uniformly RC-
positive metrics, and so we get
Corollary 1.11. There is no non-constant Hermitian harmonic map from Hopf sur-
face S1 × S3 (with an arbitrary Hermitian metric) to Riemannian manifolds with
non-positive complex sectional curvature.
Acknowledgements. The first author would like to thank his advisor Professor Jian
Zhou for his guidance. The second author is very grateful to Professor K.-F. Liu and
Professor S.-T. Yau for their support, encouragement and stimulating discussions
over years. We would also like to thank Y.-X. Li and V. Tosatti for some helpful
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2. Harmonic maps from Hermitian manifolds to Riemannian manifolds
2.1. Connections on vector bundles. Let E be a Hermitian complex vector bundle
or a Riemannian real vector bundle over a compact Hermitian manifold (M,h) and
∇E be a metric connection on E . There is a natural decomposition ∇E = ∇′E +∇′′E
where
(2.1) ∇′E : Γ(M,E )→ Ω1,0(M,E ) and ∇′′E : Γ(M,E )→ Ω0,1(M,E ).
Moreover, ∇′E and ∇′′E induce two differential operators. The first one is ∂E :
Ωp,q(M,E )→ Ωp+1,q(M,E ) which is defined by
(2.2) ∂E (ϕ⊗ s) = (∂ϕ)⊗ s+ (−1)p+qϕ ∧∇′E s
for any ϕ ∈ Ωp,q(M) and s ∈ Γ(M,E ). The operator ∂E : Ωp,q(M,E )→ Ωp,q+1(M,E )
is defined similarly. The operator ∂E ∂E +∂E ∂E is represented by the curvature tensor
RE ∈ Γ(M,Λ1,1T ∗M ⊗E ∗⊗E ). The adjoint operators of ∂, ∂, ∂E and ∂E are denoted
by ∂∗, ∂
∗
, ∂∗
E
and ∂
∗
E respectively.
2.2. Harmonic maps between Riemannian manifolds. Let (M,h) and (N, g)
be two compact Riemannian manifolds. Let f : (M,h)→ (N, g) be a smooth map. If
E = f∗(TN), then df can be regarded as an E -valued one form. There is an induced
connection ∇E on E by the Levi-Civita connection on TN . In the local coordinates
{xα}mα=1, {yi}ni=1 on M and N respectively, the local frames of E are denoted by
ei = f
∗
(
∂
∂yi
)
and
(2.3) ∇E ei = f∗
(
∇ ∂
∂yi
)
= Γkij(f)
∂f j
∂xα
dxα ⊗ ek.
We also denote by ∇E the extension ∇E : Ωp(M,E ) → Ωp+1(M,E ). As a classical
result, the Euler-Lagrange equation of the energy
(2.4) E(f) =
∫
M
|df |2dvM
is (∇E )∗df = 0, i.e.
(2.5) hαβ
(
∂2f i
∂xα∂xβ
− Γγαβ
∂f i
∂xγ
+ Γijk
∂f j
∂xα
∂fk
∂xβ
)
⊗ ei = 0.
A smooth map f : (M,h)→ (N, g) is called a harmonic map if it satisfies (2.5).
2.3. Harmonic maps from Hermitian manifolds to Riemannian manifolds.
Let (M,h) be a compact Hermitian manifold, (N, g) a Riemannian manifold and
E = f∗(TN) with the induced Levi-Civita connection. Let {zα}mα=1 be the local
holomorphic coordinates on M where m = dimCM . There are three E -valued 1-
forms, namely,
(2.6) ∂f =
∂f i
∂zβ
dzβ ⊗ ei, ∂f = ∂f
i
∂zα
dzα ⊗ ei, df = ∂f + ∂f.
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The ∂-energy of a smooth map f : (M,h)→ (N, g) is defined by
(2.7) E′′(f) =
∫
M
|∂f |2ω
m
h
m!
and similarly we can define the ∂-energy E′(f) and the total energy E(f) by
(2.8) E′(f) =
∫
M
|∂f |2ω
m
h
m!
, E(f) =
∫
M
|df |2ω
m
h
m!
.
Since N is a Riemannian manifold, it is obvious that
(2.9) E(f) = 2E′(f) = 2E′′(f).
Let f : (M,h) → (N, g) be a smooth map and E = f∗(TN). The smooth map f is
harmonic if it is a critical point of the Euler-Lagrange equation of the energy E(f),
i.e. (∇E )∗df = 0, which is also equivalent to ∂∗E ∂f = ∂∗E ∂f = 0. Hence, the harmonic
map equation (2.5) can be written into the following complex version
(2.10) hαβ
(
∂2f i
∂zα∂zβ
− 2Γγ
αβ
∂f i
∂zγ
+ Γijk
∂f j
∂zβ
∂fk
∂zα
)
⊗ ei = 0
or equivalently
hαβ
(
∂2f i
∂zα∂zβ
− 2Γγ
βα
∂f i
∂zγ
+ Γijk
∂f j
∂zβ
∂fk
∂zα
)
⊗ ei = 0
where
(2.11) Γγ
αβ
=
1
2
hγδ
(
∂hαδ
∂zβ
−
∂hαβ
∂zδ
)
= Γγ
βα
= Γγβα, Γ
γ
αβ =
1
2
hγδ
(
∂hαδ
∂zβ
+
∂hβδ
∂zα
)
.
Definition 2.1. f is called pluri-harmonic if it satisfies ∂E ∂f = 0, i.e.
(2.12)
(
∂2f i
∂zα∂zβ
+ Γijk
∂f j
∂zβ
∂fk
∂zα
)
dzα ∧ dzβ ⊗ ei = 0.
f is called Hermitian harmonic if it satisfies trωh∂E ∂f = 0, i.e.
(2.13) hαβ
(
∂2f i
∂zα∂zβ
+ Γijk
∂f j
∂zβ
∂fk
∂zα
)
⊗ ei = 0.
Moreover, it is easy to see that
Corollary 2.2. Let f : (M,h) → (N, g) be a smooth map from a compact Ka¨hler
manifold (M,h) to a Riemannian manifold (N, g). Then Hermitian harmonic maps
and harmonic maps coincide.
Let (M,g) be a Riemannian manifold with Levi-Civita connection ∇. The cur-
vature tensor is defined as R(X,Y )Z = ∇X∇Y Z − ∇Y∇XZ − ∇[X,Y ]Z for any
X,Y,Z ∈ Γ(M,TM). In the local coordinates {xi} of M , we adopt the convention
R(X,Y,Z,W ) = g(R(X,Y )Z,W ) = RijkℓX
iY jZkW ℓ. It is easy to see that
(2.14) Rℓijk =
∂Γℓkj
∂xi
− ∂Γ
ℓ
ki
∂xj
+ ΓpkjΓ
ℓ
pi − ΓpkiΓℓpj
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and Rijkℓ = gsℓR
s
ijk.
Lemma 2.3. Let f : M → (N, g) be a smooth map from a complex manifold M
to a Riemannian manifold (N, g). Then then (1, 1)-part of the curvature tensor of
E = f∗(TN) is
(2.15) ∂E ∂E + ∂E ∂E = R
ℓ
ijk
∂f i
∂zα
∂f j
∂zβ
dzα ∧ dzβ ⊗ ek ⊗ eℓ.
Proof. By straightforward computations, we have
∂E (ei) = Γ
k
ji
∂f j
∂zα
dzα · ek, ∂E (ei) = Γkji
∂f j
∂zβ
dzβ · ek
Therefore,
∂E ∂E (ei) = −
[
∂Γkji
∂xℓ
∂f ℓ
∂zβ
∂f j
∂zα
+ Γkji
∂2f j
∂zα∂zβ
+ ΓkpℓΓ
ℓ
ji
∂f j
∂zα
∂fp
∂zβ
]
dzα ∧ dzβ · ek,
and
∂E ∂E (ei) =
[
∂Γkji
∂xℓ
∂f ℓ
∂zα
∂f j
∂zβ
+ Γkji
∂2f j
∂zα∂zβ
+ ΓkpℓΓ
ℓ
ji
∂f j
∂zβ
∂fp
∂zα
]
dzα ∧ dzβ · ek
Hence, by using the curvature formula (2.14), we obtain (2.15). 
The following constraint equation for pluri-harmonic maps is well-known (e.g. [OU91,
Lemma 1.3]), and for readers’ convenience, we include a proof here.
Lemma 2.4. If f :M → (N,h) is a pluri-harmonic map, then
Rikjℓf
i
αf
j
β
fkγ = 0(2.16)
for any α, β, γ and ℓ where f iα =
∂f i
∂zα
and f j
β
= ∂f
j
∂zβ
.
Proof. Recall that E = f∗(TN). f is pluri-harmonic, then ∂E ∂f = ∂E ∂f = 0. On the
other hand, by symmetric, it is easy to see that ∂E ∂f = ∂E ∂f = 0. Indeed,
∂E ∂f = ∂E
(
∂f j
∂zβ
dzβ ⊗ ei
)
=
(
∂2f i
∂zα∂zβ
+ Γijk
∂f j
∂zα
∂fk
∂zβ
)(
dzα ∧ dzβ
)
⊗ ei = 0.
Hence, (∂E ∂E + ∂E ∂E )∂f = 0 and by (2.15), it is equivalent to
Rijkℓf
i
αf
j
β
fkγ (dz
α ∧ dzβ ∧ dzγ) = 0
for all ℓ. By using symmetry and the Bianchi identity, we obtain
(Rijkℓ −Rkjiℓ)f iαf jβf
k
γ = Rikjℓf
i
αf
j
β
fkγ = 0.
Hence, we get (2.16). 
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3. Rigidity of pluri-harmonic maps into Riemannian manifolds
In this section, we shall prove Theorem 1.6. Let f : (M,h) → (N, g) be a smooth
map from a compact Hermitian manifold M to a Riemannian manifold (N, g). Let
F = T ∗1,0M ⊗ f∗(TN) = T ∗1,0M ⊗ E
and ∇F be the induced connection on F by using the Chern connection on M
and Levi-Civita connection on N . We have a natural decomposition ∇F = ∂F + ∂F .
It is obvious that ∂f ∈ Γ(M,F ).
Lemma 3.1. If f :M → (N,h) is a pluri-harmonic map, then ∂F (∂f) = 0, i.e.
(3.1) ∂F (∂f) =
[(
∂2f i
∂zα∂zβ
+ Γijk
∂f j
∂zβ
∂fk
∂zα
)
dzβ
]
⊗ dzα ⊗ ei = 0
Proof. Note that ∂F (∂f) ∈ Ω0,1(M,F ). Since ∂f = ∂f
i
∂zα
dzα⊗ ei ∈ Γ(M,F ) and ∇F
is induced by the Chern connection on M and Levi-Civita connection on N ,
(3.2) ∂F∂f = ∂F
(
∂f i
∂zα
dzα ⊗ ei
)
=
(
∂2f i
∂zα∂zβ
+ Γijk
∂f j
∂zβ
∂fk
∂zα
)
dzβ ⊗ dzα ⊗ ei.
By the definition equation (2.12) of pluri-harmonic maps, we get ∂F∂f = 0. 
The following result is a generalization of the classical Chern-Lu identity ([Che68,
Lu68], see also [Yang18a, Lemma 5.1]).
Proposition 3.2. Let f : (M,h)→ (N, g) be a pluri-harmonic map from a Hermitian
manifold M to a Riemannian manifold (N, g). Then we have
(3.3)
∂∂u = 〈∂F∂f, ∂F∂f〉+
(
Rαβγδh
γνhµδgijf
i
µf
j
ν −Riℓkjf iαf jβ
(
hγδfkγ f
ℓ
δ
))
dzα ∧ dzβ.
and
(3.4) ∆hu = |∂F∂f |2 +
(
hαβRαβγδ
)
hγνhµδgijf
i
µf
j
ν −Riℓkj
(
hαβf iαf
j
β
)(
hγδfkγ f
ℓ
δ
)
,
where u = |∂f |2 and ∆hu = hαβ ∂2u∂zα∂zβ .
Proof. By using Bochner technique, we have
∂∂u = ∂〈∂F∂f, ∂f〉+ ∂〈∂f, ∂F∂f〉
= ∂〈∂f, ∂F ∂f〉
= 〈∂F ∂f, ∂F∂f〉+ 〈∂f, ∂F∂F∂f〉
= 〈∂F ∂f, ∂F∂f〉+ 〈∂f,
(
∂F∂F + ∂F∂F
)
∂f〉
Since F = T ∗1,0M ⊗ E , we have the curvature formula
(3.5) ∂F∂F + ∂F∂F = R
T ∗1,0M ⊗ IdE + IdT∗1,0M ⊗
(
∂E ∂E + ∂E ∂E
)
.
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Let’s compute the curvature term on the target manifold. By using the expression[
IdT∗1,0M ⊗
(
∂E ∂E + ∂E ∂E
)]
∂f =
(
Rℓijkf
i
αf
j
β
fkδ dz
α ∧ dzβ
)
· dzδ ⊗ eℓ
we obtain
(3.6)
〈
∂f,
[
IdT∗1,0M ⊗
(
∂E ∂E + ∂E ∂E
)]
∂f
〉
= −Rijkℓf iαf jβ
(
hγδfkγ f
ℓ
δ
)
dzα ∧ dzβ
(Note that, in general, (3.6) has no positivity.) By the constraint equation (2.16) for
pluri-harmonic maps, one has −Rikℓjf iαf jβfkγ = 0 for any α, β, γ, ℓ, and so
−Rikℓjf iαf jβ
(
hγδfkγ f
ℓ
δ
)
= 0.
Then by the Bianichi identity, we get〈
∂f,
[
IdT∗1,0M ⊗
(
∂E ∂E + ∂E ∂E
)]
∂f
〉
= −Rijkℓf iαf jβ
(
hγδfkγ f
ℓ
δ
)
dzα ∧ dzβ
= −Riℓkjf iαf jβ
(
hγδfkγ f
ℓ
δ
)
dzα ∧ dzβ .
On the other hand, it is easy to see that〈
∂f,
[
RT
∗1,0M ⊗ IdE
]
∂f
〉
= Rαβγδh
γνhµδgijf
i
µf
j
νdz
α ∧ dzβ.
Hence, we get formula (3.3) and by taking trace, one has (3.4). 
Let (N, g) be a Riemannian manifold and TCN := TN ⊗C be the complexification
of the real vector bundle TN . We can extend the metric g and ∇ to TCN in the
C-linear way and still denote them by g and ∇ respectively.
Definition 3.3. (N, g) is said to have non-positive complex sectional curvature if
(3.7) R(Z,W,W,Z) ≤ 0
for any Z,W ∈ TCN .
Definition 3.4. A Hermitian manifold (M,h) is called uniformly RC-positive if the
Chern curvature tensor of the Hermitian tangent bundle (T 1,0M,h) is uniformly RC-
positive, i.e., at every point p ∈M , there exists some vector u ∈ T 1,0p M such that for
any nonzero vector v ∈ T 1,0p M , one has
(3.8) Rh(u, u, v, v) = Rαβγδu
αuβvγvδ > 0.
Theorem 3.5. Let f : M → (N, g) be a pluri-harmonic map from a compact com-
plex manifold to a Riemannian manifold (N, g) with non-positive complex sectional
curvature. If T 1,0M is uniformly RC-positive, then f is a constant map.
Proof. Suppose–to the contrary–that f is not a constant map, then u = |∂f |2 is not
constant. Suppose u attains a maximum value at some point p ∈ M . Let h be a
Hermitian metric on M such that has uniformly RC-positive curvature. At point p,
9
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there exists a nonzero vector a = (aα) such that the curvature of (T
1,0M,h) has the
property
Rαβγδaαaβvγvδ > 0
for all v 6= 0. In particular, we have
(3.9)
∑
i,α,β,γ,δ
Rαβγδaαaβf
i
δf
i
γ > 0.
On the other hand, let ui =
∑
α f
i
αaα, then∑
α,β
Riℓkjf
i
αf
j
β
(
hγδfkγ f
ℓ
δ
)
aαaβ =
∑
γ
Riℓkju
iujfkγ f
ℓ
γ .
Since (N,h) has non-positive complex sectional curvature, we deduce
(3.10)
∑
γ
Riℓkju
iujfkγ f
ℓ
γ ≤ 0
By formulas (3.3), (3.9) and (3.10), we get a contradiction. Hence f must be a
constant. 
By using similar arguments for the equation (3.4), we can also prove
Corollary 3.6. Let f : M → (N, g) be a pluri-harmonic map from a compact com-
plex manifold to a Riemannian manifold (N, g) with non-positive complex sectional
curvature. If M has a Hermitian metric ω such that the second Chern-Ricci curvature(
hαβRαβγδ
)
is positive definite, then f is a constant map.
4. Rigidity of Hermitian harmonic maps into Riemannian manifolds
In this section, we prove Theorem 1.8 by using Theorem 1.6 and ideas in [Siu80,
Sam85, Sam86, JY91, JY93, LY14].
Lemma 4.1. Let f : (M,h) → (N, g) be a smooth map from a compact Hermitian
manifold (M,h) to a Riemannian manifold (N, g). Then
(4.1) ∂∂{∂f, ∂f} ω
m−2
h
(m− 2)! = 4
(|∂E ∂f |2 − |trωh∂E ∂f |2) ωmhm! +Q · ω
m
h
m!
,
where
Q = −4hαδhγβRijkℓ ∂f
i
∂zα
∂fk
∂zβ
∂f j
∂zγ
∂f ℓ
∂zδ
.
Proof. It is well-known (e.g. [LY14, Lemma 6.10] or [OU91]) by using a standard
Bochner type calculations. For readers’ convenience, we sketch a proof here following
Siu’s ∂∂ trick. It is easy to see that ∂E ∂f = 0. Hence, we have
(4.2) ∂∂{∂f, ∂f} = −{∂E ∂f, ∂E ∂f}+ {∂f,
(
∂E ∂E + ∂E ∂E
)
∂f}.
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Moreover,
(4.3) − {∂E ∂f, ∂E ∂f}
ωm−2h
(m− 2)! = 4
(|∂E ∂f |2 − |trωh∂E ∂f |2) ωmhm! ,
and by [Huy05, Corollary 1.2.28]
(4.4) {∂f, (∂E ∂E + ∂E ∂E ) ∂f} ωm−2h
(m− 2)! = 4
〈√−1 [∂E ∂E + ∂E ∂E ,Λωh] ∂f, ∂f〉 ωmhm! .
Moreover,
(4.5)
〈√−1 [∂E ∂E + ∂E ∂E ,Λωh] ∂f, ∂f〉 = −hαδhγβRijkℓ ∂f i∂zα ∂f
k
∂zβ
∂f j
∂zγ
∂f ℓ
∂zδ
.
Therefore, the formula (4.1) follows. 
The following formulation is essentially obtained in [LY14, Theorem 6.11].
Theorem 4.2. Let (M,h) be a compact astheno-Ka¨hler manifold (i.e. ∂∂ωm−2h = 0)
and (N, g) a Riemannian manifold. Let f : (M,h)→ (N, g) be a Hermitian harmonic
map. If (N, g) has non-positive complex sectional curvature, then f is pluri-harmonic.
Proof. If f is Hermitian harmonic, i.e., trωh∂E ∂f = 0, by formula (4.1),
(4.6)
∫
M
∂∂{∂f, ∂f} ω
m−2
h
(m− 2)! = 4
∫
M
|∂E ∂f |2
ωmh
m!
+
∫
M
Q · ω
m
h
m!
.
From integration by parts, we obtain
4
∫
M
|∂E ∂f |2
ωmh
m!
+
∫
M
Q · ω
m
h
m!
= 0.
If (N, g) has non-positive complex sectional curvature, then Q ≥ 0 and so ∂E ∂f = 0,
i.e. f is pluri-harmonic. 
In particular, one has the following result obtained in [Sam86, Theorem 1] (see also
[JY91, Lemma 4.2] and [YZ91, Theorem])
Corollary 4.3. Let (M,h) be a compact Ka¨hler manifold and (N, g) a Riemannian
manifold. Let f : (M,h) → (N, g) be a harmonic map. If (N, g) has non-positive
complex sectional curvature, then f is pluri-harmonic.
Proof. It follows by Corollary 2.2 and Theorem 4.2. 
The proof of Theorem 1.8. Let (M,h) be a compact astheno-Ka¨hler manifold and
(N, g) be a Riemannian manifold with non-positive complex sectional curvature. By
Theorem 4.2, every Hermitian harmonic map f : (M,h) → (N, g) is pluri-harmonic.
Let h0 be a Hermitian metric on M such that (T
1,0M,h0) is uniformly RC-positive,
then by Theorem 1.6, the pluri-harmonic map f :M → (N, g) is constant. 
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